The Simplest DSGE Model

Macroeconomics (M8674), March 2025

Vivaldo Mendes, ISCTE

vivaldo.mendes@iscte-iul.pt


mailto:vivaldo.mendes@iscte-iul.pt

1. Introduction



What is a DSGE macroeconomic model?

e D for dynamics: the economy evolves over time; economic decisions are made over
time
e S for stochastic: the economy is exposed to external shocks that can not be

anticipated or forecasted

e G for general: considers all markets that are important for the functioning of a
modern economy

e E for equilibrium: private agents and public decision-making institutions try to do
the best they can with all available information (optimal decision making)



How relevant are DSGE models?

As Stanley Fischer put it here:

"Let me turn to [...] macroeconomic models and their role in assisting the FOMC's
decisionmaking. The Board staff maintains several models; | will focus on the
FRB/US model, the best known and most used of the models the Board staff has at
its disposal. FRB/US is an estimated, large-scale, general-equilibrium, New
Keynesian model."

in: "I'd rather have Bob Solow than an econometric model, but ...", Speech by Stanley

Fischer, Vice Chair of the Board of Governors of the Federal Reserve System, at the
Warwick Economics Summit, 11 February 2017.


https://www.bis.org/review/r170214a.htm

The simplest possible model

e The model is linear

e |t has three types of variables:
o a forward-looking variable/block: y;

o a predetermined variable/block: x;
o a contemporaneous (or static) variable/block: z;

e |tis an uncoupled model: each variable/block can be solved separately from all
other variables/blocks.

o This property means that we can solve the model with pencil and paper.



The three equations

Ty =@+ pxi1 + €y

el ~ N (0,02)
ys = o+ PEiy1 + Oy
2t = PTy + KUYt

e 1. is a backward-looking (or pre-determined) variable
* £/ is arandom shock
e 1, Is a forward-looking variable

® z;is a contemporaneous (or static) variable

° {Oé, 57 07 Qb, Py P :UJ} are parameters



2. Solution: backward-looking block

By pencil-and-paper



Solution to the backward looking block

e To avoid explosive behavior on the solution obtained in the previous slide:

n—1 n—1
Ty = Z PO+ ptTipn + Z P EL—i
1=0 i=0

e .. we have to impose the condition: |p| < 1.

e If |p| < 1, the solution to this block at the nth iteration (when n — <) is:

n—1 n—1 n—1
Lt = ZP% + Zpist—i = % - Zpist—i
i=0 i=0 =

N——

=T

e .. where x is the deterministic steady state of x;



A numerical example
e Consider the following parameter values:
a=0,0=1, p=05, =075, ¢=0

e |n the previous slide, we got the solution:

e So, with those parameter values, eq. (1') can be rewritten as:

0 n—1 i n—1 7;
5J—|— O 0.5 - Et—g — 0 + ;()5 *Et—g

T 10

N
=

1=

(1)



A numerical example (cont.)

e |n eq. (2) in the previous slide, we got:
n—1
Lt — 0 +;O5 *Et—g (2)

e From eq. (2'), we can easily conclude:

o The deterministic steady state is: 0

o The current value of x; depends only on the shocks it suffered in the past.

e Consider that the process is on its deterministic steady-state (z = 0), and suffers a
positive shock of +1 at period t — 3.

e What happens to the value of x; over time, if there are no more shocks?

10



A simple solution

e Using the original equation (z; = ¢ + px; 1 +€¢),and {¢ =0,p = 0.5}:

i3 =04+0.52;_4 + €t_3
e But x;_4 = 0, as it was assumed that £;_4 = £ = 0. So, we have:
r;3=04+05x0+4+1=1
e As there are no more shocks in this exercise, for period t — 2 we obtain:
;9 =04+05Xx;_3+0=05x1=0.5

e Doing the same for x;_1 and x;, we get:
i1 =09 X x2+0=0.0x0.0=0.25
zy =05 Xz 1 +0=0.5x0.25=0.125

e So, the solutionwillbe: 43 =1, ;-9 =05, ;-1 = 0.25, ; = 0.125
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A more efficient solution

The method used above is not very efficient. Suppose the shock occurred long ago,
for example, €;_50 = 1, and we wanted to compute the value of x;.

According to the previous method, we had to perform 50 operations to get the
value of z;.

There is a better way to obtain that value: use directly eq. (2'):

n—1
r; =0+ Z pEL_i
1=0

So, what is the value of x4, given that a shock occurred 3 periods ago (e;-3 = 1)?

i=3=x,=0+0.5; ,;,=05"%x¢eg,3=05x1=0.125

12



A more efficient solution (cont.)

By the same way, what is the value of x4, given that a shock occurred 2 periods ago
(€42 =1)?

i=2=2,=0+05%;;=05"x¢g_5=05"x1=0.25
Repeating the same exercise, we can collect the other results.

For example, what is the value of x; if the shock occurs in the current period?
i=0=x2,=0+05%;;=05"%x¢g 0=05"x1=1

So, the solution will be the same;
xi—3=1, x4 9=0.5, ;-1 =0.25, ;, = 0.125
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Deterministic part vs random part

e As expected, the deterministic part of x; remains constant:
z=20

 The change occurs in the random part of this process (x5 _.):

0 + 1 ,z49= 0 +05 ,z,7= 0 +0.25 ...
~ = ~ =~ ~ =~

9 g
i3 z Li o L1

L3 =



3. Solution: forward-looking block

By pencil-and-paper

15



Solution avoiding explosive behavior

e To avoid explosive behavior on the solution

n—1 n—1
ye =Y Ba+ B Ben+ > OB Eixiy
1=0 i=0

e .. we have to impose the condition: |8| < 1.

e We get the following solution to this block at the n-th iteration, as n — oo:
n—1 . n—1 .
Yt = Z of’ + Z 06" Eiziy
i=0 i=0

e The solution to eq. (3), can be written as:

Yt —

n—1
o .
T E OB Eizs
1-8 =
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Unconditional vs conditional expectations

e The solution to eq.(4) depends on the type of information we may have about the
observations of x; over time:
o What is the value of [£;x;; In eq. (4)?

e |t depends on whether we compute the unconditional mean of x;; , or its
conditional mean.

o The unconditional mean is just the deterministic value of its steady state: x.

o The conditional mean is computed on the basis that we know the value of x;.

e Next we show how to compute these two expected values.

17



1 solution with unconditional expectations

e The expected-unconditional value of [£;x;; is the deterministic steady-state:

Kixi; =2 = ¢
1—0p
e Therefore, the solution to y; is obtained by inserting eq. (5) into (4):
o n—1 .
Yt = + Z 06'Erxii
1-p i=0
n—1 QL
o . @ Q 1-p
— 9 [ p—
4 1—5+Z;51f¢ -8 1=
o) o)
Yt = T

1-8  (1-8)1-0p)

()
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1 solution with unconditional expectations (cont.)

e |n the previous slide we obtained that the solution to y; is given by:

o) 0o
Yt = + (6a)
1-8  (1-=5)(1-)p)
e Considering the information we have about the parameters:
a=0,0=1, p=05, =075, ¢=0
e SO, we get:
Q o) 0 1x0
vt 1—-p5 i (1-58)(1—-p) 1—-0.75 i (1 —-0.75)(1—0.5) (6)

e Therefore, with unconditional expectations, the value of y; will be:
Yy — g = 0.
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1y solution with conditional expectations
e As the expected-conditional value of [£;x;; is given by:
By =T+ plaf = % +p'z; (7)

e And as we have the information that
a=0,0=1,p=05,=0.7,¢=0
e Then,

0 | |
Eixs; = Y + 0.5'z; =0+ 0.5"x; (7a)

e Therefore, the solution to y; is obtained by inserting eq. (7a) into (4):

n—1 n—1
-+ E QﬂzEta}tH a 1 0.75 -+ E 1 x 0.75" x 05233;? (7b)
i=0 - =0

.«
yt_l—ﬁ
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1 solution with conditional expectations (cont.)

e From eq.(7b) in the previous slide, we got:

n—1
yy= 0 + Y 1x0.75" x 0.5"z¢
~ 1=0
=Y

e This is a geometric sum, with a solution:

1
o O > — O ]..6 > 8
N Y R - A (®)
=y
e Therefore, it is easy yo see that:
yt =y + 1.6z (9)

e If ; moves away from its steady-state (z; # 0), y; will change because:
Oy:/0x; = 1.6 21



1 solution with conditional expectations (cont.)

e As from a previous slide we know that x suffered a shock in period t — 3:
Ty 3=1, 2, 0=0>0, ;-1 =025, z; =0.125
e |tis very simple to calculate the values Of y; by using eq. (9):
Yi—3 =0+ 1.6, 3=16x1=1.6
Yi—o = 0+ 1.6x;_9 = 1.6 X 0.5 =0.8
yi—1 =0+ 1.6x;—1 = 1.6 x 0.25 =0.4
Yy =04+ 1.6y =1.6 x0.125 =0.2

* So, y moved away from its steady state (y = 0) due to the impact that « exerts
upon y.

e And z moved away from its steady state (x = 0) due to the shock it suffered in
period t — 3.

22



4. Solution: static block

By pencil-and-paper
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Solution: no iterations needed

e The static block is given by the equation:

2t = QT + HYi
From the previous slide, we know that:
i3=1,2; 90=0.05,2;,-1=0.25,2; = 0.125
From eq. (3), we know that: y; = 0 + 1.6x;. So:
Yyi—3 = 1.6 ,y4-2 =0.8,y;—1 = 0.4,y = 0.2
Once we know the values of  and v, it is immediate to calculate z.
Assuming that ¢ = 2.5 and y = —2, we get:

Zt—3 — 2-5331?—3 — 2yt—3 = —0.7 gy RE—Q —« ..

24



An image of our simple model
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5. The Blanchard-Kahn conditions

Blanchard, O. and Kahn, C. M. (1980). The solution of linear difference models under
rational expectations. Econometrica, 48(5), 1305-1311.
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More complicated models

All models in modern macroeconomics can not be solved by pencil and paper.
o They may be non-linear.

o Their blocks be coupled in contrast to the case above.

Blanchard-Kahn (1980) developed a technique that allows us to solve any linear
model, no matter how intricate its blocks might be.

This technique is based on the Jordan decomposition of square matrices.

In this class, we do not expect students to replicate the proof; but students should
understand its logic.

It is crucial to understand what the Blanchard-Kahn stability conditions mean.

27



The strategy of solving a DSGE model

e w; is a predetermined variable (or set of variables)

® £;is arandom shock (or a sequence of random shocks)

e 2 is a forward-looking variable (or a set of variables)

e gand h solve the predetermined variable (or block)

e f solves the forward-looking variable (or block)

start —1-0

Qo O

28



The model in state-space representation

Write the model in state space form

Ew
A [wt+1 ] _ 3 [wt] . [ f)H] LD (9)
Eiviq Ut €141

A, B, C are square matrices representing the parametric structure of the model

Wy, V¢ are vectors with the endogenous variables, and €; is a vector of exogenous
random shocks. [£; is the usual conditional expectations operator. D is a vector
with constants, and for simplicity, we drop it from the model.

Multiplying both sides of (9) by A1, leads to:

[ o ] =A'B [wt] +AIC r;u“] (10)
Eiviq \ﬁ—’ (% 7 Eii1

29



The Jordan Decomposition

Suppose we have a square matrix R

The Jordan decomposition of R is given by:
R = PAP™!
P contains as columns the eigenvectors of R

A is a diagonal matrix containing the eigenvalues of R in the main diagonal.

P~1isthe inverse of P

30



Apply the Jordan Decomposition

e Qur system was given by (10):

[ W41 ] R [wt] iy [8;11]
Eivi 41 Uy €11

o Apply the decomposition R = PAP ! to (10);

ot | = pap [

Eiviq Ut

e Multiply both sides by P!

t

p! [ W ] — AP [wt] + P Y.
v

Etvt+1 Y

N——

w
€1

v
€41

w
[5 t+1

|

v
€11

|

(10°)

(11)

(12)
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Matrices partition

e |et us assume that there are no shocks affecting the forward-looking block:
e, =0, Vt
e Next, we apply a partition to the matrices: P!, A, M:
[Pu P12] [wt+1 ] _ [Al 0] [Pu P12] [wt] N [Mn Mu] [5§U+1]
P Poo] [Eqva] 0 Ag|[Par Paf [vi]  [Mn Man] [ 0
M ;

E, [’lf)tH]
e Qur transformed model looks much easier now:

Vt+1
Wit 1 Ay 0 Wy
— M ° W
o) Lo o L] -

32



The solution to the model

e Using these partitions, the solution will be given by (see detailed demonstration in
Appendix A):

v = [Py Py - wj

/
\

with G = P11 — P12(P22)_1P21
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Partition of matrices P~1, A, M

e When solving these models, the most demanding task is to apply the correct
partition to these three matrices.

e Suppose a model with 1 backward-looking variable, one static, and the third is a
forward-looking variable (as the simple model above).

e The partitions should be as follows:

34



Partition of matrices P~1, A, M

2 forward-looking, 2 non-forward-looking variables

P11

P21

P12

P22

M11

M21

Ml,l

Mz’l

M3,1

My

Ml,z

Mg,z

M3,2

Mo

M12

M22

35



The Blanchard-Kahn stability conditions

e Suppose we have a model with 5 variables:
o 2 forward-looking

o 2 backward-looking (or predetermined)
o 1 contemporaneous (static)

e To secure a unique and stable solution, the matrix R should provide:
A1, Ao| > 1, (forward-looking block is stable)

o 2 eigenvalues greater than 1,

o 2 eigenvalues less than 1, A3, A4| < 1 (backward-looking block is stable)
o 1 eigenvalue is 0, A5 = 0, (the static variable has no dynamics of its own)

e |f these conditions are violated, one of the blocks shows explosive behavior, which
violates what we observe in reality.

36



6. Back to the "simplest model"

Solving it with the Blanchard-Kahn method ... and a computer

37



Prepare the model for matrix form

e The original model:

Ty = @+ pxri_1 +&f
Zt = PTt + UYt
Yyt = o + PRy 1 + Oxy

e To write the model in matrix form, put all variables expressed at ¢t + 1 on the
system's left side, those at £ on the right side, and constants at the end.

e So, the model can be written as:

Tii1 = PTt+E/ . + @

Zt+1 — PTey1 — PYir1 = 0
BEyi1 = =0z +y; —

38



The model in matrix form

e |eft hand-side: endogenous variables at ¢t + 1

e right hand-side: endogenous variables at ¢, shocks , constants

Tiy1 = Pt + €11 + @
Zt+1 — Tl — PYtr1 = 0
BEyi11 = —0x; +yr — «
e Detailed specification of the model:

1z41 + 02441 + OEsysr1 =  pxe + 02 + 0yy + 1 + 0y + Oz-:ff+1 + ¢
—@xii1 + 12401 — pEiye1 = 0z + 024 + 0y, + 0ef; + 0ef, + 0g/ ; + 0
O0xt11 + 02¢ 41 + BEys 11 = 0z + 02 + 1y + 0y + 0efy ) + Oe;ﬁ’le —

39



The model in matrix form (cont.)

e Detailed specification of the model:

lzir1 + 02401 + 0Epyr 1 = pxy + 024 + Oy + 1, + Ogfy g + Osff+1 + ¢
—@PT¢11 + ].Zt_|_1 — /,LEtyt+1 = Owt -+ OZt -+ Oyt -+ 08f+1 + ng—l—l + 05?;+1 + 0
0x¢1 + 0241 + PEiyr1 = —0x: + 02 + 1y + 0ef | + 07 + 0g}, | — o

e The model in state space representation:

"1 0 07 [zes 1 [p O O] [z 1 0 0] [ef] T[o7
—Q 1 — U 21 = 0 0 O zZi | + 0 0 O 5;_1 -+ 0

i 0 0 B i _Etyt—|—1_ _—9 0 ]._ Yt _ _0 0 0_ 5%_1 | — O

R y > % _ > % o ', L - X ,
A B C D

40



The state space representation passed into Julia

A = zeros(3,3)
B = zeros(3,3)
C = zeros(3,3)
A[1,1] = 1.0
A[2,1] = -¢
A[2,2] = 1.0
A[2,3] = -u
A[3,3] = B
B[lxl] = P
B[3,1] = -6
B[3,3] = 1.0
C[1,1] = 1.0

D =[¢ ; 0.0 ; -a]



Using the notebook "Simple_Model,jl"

e This nootebook follows step-by-step the BK approach:
o Write the model in state-space form.

o Check the BK stability conditions

o Perform the matrices' partitions

o Simulate the model's response to an isolated shock upon x; with a magnitude
of +1.

e And we also implement:
o A simulation of the model's response to systematic white-noise shocks on x;.

o A computation of the: (i) autocorrelation function for each variable in this
model, (ii) cross-correlation function, (i) standard deviation.
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Appendix A

Proof of the The Blanchard-Kahn method (not required)
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The model in state-space representation

Write the model in state space form:

A [wt“ ] =B [wt] +C rf;“] +D (A1)
Eiviq V¢ €141

A, B, C are square matrices representing the parametric structure of the model

Wy, V¢ are vectors with the endogenous variables, and €; is a vector of exogenous
random shocks. [£; is the usual conditional expectations operator. D is a vector
with constants, and for simplicity, we drop it from the model.

Multiplying both sides of (4) by A1, leads to:

[ o ] =A'B [wt] +AIC F;UH] (A2)
Eiviq \ﬁ—’ (% 7 Eii1
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Apply the Jordan Decomposition

e The Jordan decomposition is given by:
R = PAP™!

e P contains as columns the eigenvectors of R; A is a diagonal matrix containing
the eigenvalues of R in the main diagonal.

e Apply the decomposition to (A2):
[wt+1 ] _ pAp-! [wt] U r%"ﬂ]
Eiviq Ut €f+1
e Multiply both sides by P!
p-1 [ Wit1 ] _Ap-! [wt] L ply. [“:iuﬂ]
v

v
Eiviiq t VM €411
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Matrices partition

e |et us assume that there are no shocks affecting the forward-looking block:
e =0, Vit
e Next, we apply a partition to the matrices: P!, A, M:
[Pn P12] [wt+1 ] _ [Al 0] [Pu P12] [wt] N [Mn Mu] [5§U+1]
Py Pyo| [Etvein 0 As| [Po1 Pso vy Mo Mo | 0

A\ . J/ A\ . 4 A\ . 4
V

<[i] i '
Ut+1 (%

e Qur transformed model looks much easier now:

Wit 1 Ay 0 (i
p— M o
b Rl e 1 R
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System Written as two Decoupled Blocks

Transformed model written as a set of decoupled equations:
Wip1 = Aq - Wy + My - €454 (Predetermined block)

EiDi1 = Ao - 04 (Forward-looking block)
We can now apply our well known strategy. Iterate to:

e Solve the predetermined transformed block and get the equilibrium levels of the
predetermined (backward-looking) variables:

@
e Solve the forward-looking transformed block and get the equilibrium values of the
forward-looking variables:

~ X
Uy 47



Solving the forward-looking block

e |terating forward this block, and as the shocks to this block are 0, we get:
EtOn = (Az)n@t
e If we assume [Ag| > 1
e Then, the only stable solution will be
vy =0, Vt (A3)
e Now, from the partition of P! and A, we know that
0y = Poy - wy + Pay - v} (A4)
e From (A3)=(A4), the forward-looking block only depends on predetermined one:
v = [~ Py Py - w} (A5)
f




Solving the predetermined block

e |terating forward this block, we get
Wit = (A1) Wy
e |f we assume that:
A < 1
e The process is stable, and from the partition of P~ we know that:
w; = Pi1-w; + Pia - vy
* Now, inserting eq. (A5) into (A6), we can obtain:

~ % —1 *
Wy = [Pll_P12P22 P21} F Wy

G

(A6)

(A7)
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Solving the the predetermined block (cont.)

e As from eq. (A7) we have

Tt =G w (A8)
e Then, fort 4+ 1 we get:
Wi =G - wyiyy (A9)
e But, as from eq. (Predetermined block) we have:
Wiy = MWy + M1 (A10)
e By mere substitution of (A8) and (A9) into (A10), we derive our final result:
wy = |G A G| wy + [GthH}e;”H (A11)
g
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Summarizing

1. Write down your model in state space form

2. Apply the Jordan decomposition

3. Decouple the system into two blocks

4. Make sure the eigenvalues satisfy the Blanchard-Kahn conditions

5. End up with the two fundamental results:

v = [~ Py Pn] - w}
f

w,’fH — [G_lAlG} . w;" + [G_lMll} &t

— —
9 h

with G = Pll — Plz(Pzg)_lpzl
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Readings
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e This material is the application of the Blanchard-Kahn method to solve a DSGE
model.

e Students are not required to replicate the demonstration of this method; however,
they are expected to understand the logic behind this method and be able to
simulate a model by using a computer and this method.

e So no required reading is really necessary. However, if one wants to have a go and

see the first paper that explicitly shows how a DSGE model, without a closed form
solution, can be solved and simulated, go here for:

Blanchard, O. and Kahn, C. M. (1980). The solution of linear difference models
under rational expectations. Econometrica, 48(5), 1305-1311.
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http://www.sfu.ca/~kkasa/blanchar.pdf

